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ON ELEMENTS OF LARGE ORDER OF ELLIPTIC
CURVES AND MULTIPLICATIVE DEPENDENT
IMAGES OF RATIONAL FUNCTIONS OVER FINITE
FIELDS
BRYCE KERR, JORGE MELLO, AND IGOR E. SHPARLINSKI
Abstract. Let E1 and E2 be elliptic curves in Legendre form
with integer parameters. We show there exists a constant C such
that for almost all primes, for all but at most C pairs of points
on the reduction of E1 × E2 modulo p having equal x coordinate,
at least one among P1 and P2 has a large group order. We also
show similar abundance over finite fields of elements whose images
under the reduction modulo p of a finite set of rational functions
have large multiplicative orders.
1. Introduction
1.1. Description of our results. In this paper we consider some
variants in positive characteristic of characteristic zero results which
are generically called unlikely intersections . In particular, we give new
estimates for
• Lower bounds on orders of points on elliptic curves over finite
fields, see Section 2.1;
• Lower bounds on multiplicative orders of reductions of points
on some varieties over C, see Section 2.2;
These results complement those of [1, 4, 12, 13, 14] and may be consid-
ered as nonzero characteristic variants of results of De Marco, Krieger
and Ye [6, 7] concerning torsion points on elliptic curves, and also a
nonzero characteristic analogue of a result of Bombieri, Masser and
Zannier [2] concerning multiplicative relations between rational func-
tions.
1.2. General notation. Throughout this work N = {1, 2, . . .} is the
set of positive integers. We also write Z>a for the set of n ∈ Z with
n > a and similarly for Z<a.
For a field K we use K to denote the algebraic closure of K.
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For a prime p, we use Fp to denote the finite field of p elements.
The letters k, ℓ m and n (with or without subscripts) are always
used denote positive integers; the letter p (with or without subscripts)
is always used to denote a prime.
As usual, for given quantities U and V , the notations U ≪ V , V ≫ U
and U = O(V ) are all equivalent to the statement that the inequality
|U | ≤ cV holds with some absolute constant c > 0.
Throughout the paper, any implied constants in symbols O, ≪ and
≫ may depend on the parameters of globally defined objects, such as
coefficients of Weierstrass equations of elliptic curves or coefficients and
degrees of polynomials defined over Q, and are absolute unless specified
otherwise.
The following notion of multiplicative dependence plays an impor-
tant role in our argument.
As usual, we say that the points x1, . . . , xn ∈ Q are multiplica-
tively dependent if there exist k1, . . . , kn ∈ Z not all zero such that
xk11 . . . x
kn
n = 1. If the points x1, . . . , xn ∈ Q are not multiplicatively
dependent then we say they are multiplicatively independent.
Definition 1.1. We define the multiplicative order of a multiplicatively
dependent tuple (x1, . . . , xn) ∈ Q as
ord(x1, . . . , xn) = min{max
1≤i≤n
|ki| : (k1, . . . , kn) ∈ Z
n r {0},
xk11 . . . x
kn
n = 1}.
We use |S| to denote the cardinality of a finite set S.
Finally, for a subset P of primes, its natural density is defined as the
real number
lim
Q→∞
1
π(Q)
|{p ∈ P : p ≤ Q}| ,
whenever this limit exists, where, as usual π(Q) = |{p : p ≤ Q}|.
We say that a certain statement hold for almost all primes if it holds
for a set of primes of natural density 1.
2. Main results
2.1. Torsion of points modular reductions of elliptic curves.
Given a point P in the group of points E(K) on an elliptic curve E
defined over a field K, we denote by ordP the order of P in the group
of points on E over the algebraic closure of K, see [15] for a background
on elliptic curves.
We also recall that points of finite order are called torsion points .
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Our first result may be considered a nonzero characteristic variant
of a theorem of De Marco, Krieger and Ye [5] concerning torsion points
on elliptic curves.
Theorem 2.1. There is an absolute constant C0 such that for any fixed
elliptic curves E1 and E2 in Legendre form
E1 : Y
2 = X(X − 1)(X − t1) and E2 : Y
2 = X(X − 1)(X − t2)
with distinct t1, t2 ∈ Z r {0, 1}, for almost all primes p, for all but at
most C0 points (P1, P2) in E1(Fp) × E2(Fp) with x(P1) = x(P2), we
have
max{ordP1, ordP2} ≥ p
1/6+o(1).
2.2. Multiplicative orders of points on modular reductions of
varieties. We say that nonzero rational functions f1, . . . , fn ∈ Q(X)
are multiplicatively independent if there is no nontrivial product with
f ℓ11 (X) . . . f
ℓn
n (X) = 1. We also recall Definition 1.1.
Theorem 2.2. For any multiplicatively independent rational functions
f1, . . . , fn ∈ Q(X) there is an effectively computable constant constant
C0 that depends only on f1, . . . , fn such that for any function ε(z) with
limz→∞ ε(z) = 0, for almost all primes p, for all but at most C0 points
x ∈ Fp satisfying
fk11 (x) . . . f
kn
n (x) = f
ℓ1
1 (x) . . . f
ℓn
n (x) = 1
for some linearly independent integer vectors (k1, . . . , kn), (ℓ1, . . . , ℓn),
we have
ord(f1(x), . . . , fn(x)) ≥ ε(p)p
1/(2n+2).
We remark that Theorem 2.2 complements some recent results of
Barroero, Capuano, Me´rai, Ostafe and Sha [1] and is based on similar
technical tools.
3. Preliminaries
3.1. Tools from Diophantine geometry. For a polynomial G with
integer coefficients, its height, denoted by h(G), is defined as the log-
arithm of the maximum of the absolute values of the coefficients of
G.
We recall the following well-known estimate, see, for example, [10,
Lemma 1.2 (1.b) and (1.d)].
Lemma 3.1. Let Gi ∈ Z[T1, . . . , Tn], i = 1, . . . , s. Then
s∑
i=1
h(Gi)− 2 log(n+ 1)
s∑
i=1
degGi
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≤ h
(
s∏
i=1
Gi
)
≤
s∑
i=1
h(Gi) + log(n+ 1)
s∑
i=1
degGi.
We also use an estimate on the height of sums of polynomials which
is an easy consequence of the definition of height.
Lemma 3.2. Let Gi ∈ Z[T1, . . . , Tn], i = 1, . . . , s. Then
h
(
s∑
i=1
Gi
)
≤ max
1≤i≤s
h(Gi) + log s.
We also need a resultant bound, which follows from Hadamard’s
inequality, see for example, [8, Theorem 6.23].
Lemma 3.3. Let
A(X) =
m∑
i=1
aiX
i and B(X) =
n∑
j=1
bjX
j
be two polynomials in C[X ] of respective degrees m and n. Then their
resultant Res(A,B) is bounded by
|Res(A,B)| ≤
(
m∑
i=1
|ai|
2
)n/2( n∑
j=1
|bj|
2
)m/2
.
3.2. Tools from unlikely intersections. For an elliptic curve E over
a field K we use Etors to denote the set of all torsion points on E
(
K
)
.
By fixing coordinates on P1, we consider the Legendre family of el-
liptic curves
Et : Y
2 = X(X − 1)(X − t)
with t ∈ C/{0, 1} and the standard projection π(x, y) = x on Et.
By a result of De Marco, Krieger and Ye [7, Theorem 1.4], we have:
Lemma 3.4. There exist an absolute constant B such that∣∣∣π(Etorst1 )⋂π(Etorst2 )∣∣∣ ≤ B,
for all t1 6= t2 in Cr {0, 1}.
The next result of Maurin [11, The´ore`me 1.2], which improves and
makes effective the previous result of Bombieri, Masser and Zannier [2,
Theorem 2] (see also [3]), concerns intersections between a curve and
subgroups of the n-dimensional torus with co-dimension at least 2.
As usual, we use Gm = Q
∗ to denote the multiplicative group of Q.
This naturally transfers to a group structure on Gnm. Following the
terminology of [2], a connected algebraic subgroup H of Gnm is called a
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torus . If a torus H 6= Gnm call it a proper subtorus . Finally as set γH,
with γ ∈ Gm is called a translate of H. Then by a special case of [11,
The´ore`me 1.2], we have the following.
Lemma 3.5. Let f1, . . . , fn ∈ Q(X) be rational functions that are
multiplicatively independent. Then the set of α ∈ Q¯ such that
f1(α)
a1 . . . fn(α)
an = f1(α)
b1 . . . fn(α)
bn = 1,
for some linearly independent vectors (a1, . . . , an), (b1, . . . , bn) ∈ Z
n is
finite of cardinality bounded by an effective constant depending only on
f1, . . . , fn.
3.3. Background on division polynomials. Here we give some pre-
liminary estimates for division polynomials for elliptic curves in Le-
gendre form. The results contained in this section are due to Ho [9,
Chapter 4] and are obtained in his master’s thesis. Since this thesis
may be difficult to access, we reproduce some details.
Let Eλ be an elliptic curve given in Legendre form
Eλ : Y
2 = X(X − 1)(X − λ).
The division polynomials ψk are defined recursively by
ψ2k+1 = ψk+2ψ
3
k − ψk−1ψ
3
k+1,
ψ2k =
1
2Y
ψk(ψk+2ψ
2
k−1 − ψk−2ψ
2
k+1),
with initial values
ψ0 = 0
ψ1 = 1
ψ2 = 2Y
ψ3 = 3X
4 − 4(1 + λ)X3 + 6λX2 − λ2
ψ4 = 2Y (2X
6 − 4(1 + λ)X5 + 10λX4
− 10λ2X2 + 4λ2(1 + λ)X − 2λ3).
We note that similar (but slightly different) polynomials have also
been introduced by Stoll [16, Section 3]. However this definition suits
our purpose better.
Define
φn = Xψ
2
n − ψn+1ψn−1
4Y ωn = ψ
2
n−1ψn+2 − ψn−2ψ
2
n+1.
Arguing as in [15, Excercise 3.7], we have:
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Lemma 3.6. For any P ∈ Eλ and n ≥ 1 we have
[n]P =
(
φn(P )
ψn(P )2
,
ωn(P )
ψn(P )2
)
.
We need some basic properties of these polynomials which are con-
tained in the Master’s thesis of Ho [9, Chapter 4]. For the sake of
completeness, we prove these results in Appendix A. Our next result
collects together the statements of Lemmas A.1, A.2 and A.3.
Lemma 3.7. The rational functions ψn are polynomials in the ring
Z[λ,X, Y ] of degree degψn ≤ n
2+o(1) and of height h(ψn) ≤ n
2+o(1).
3.4. Proof of Theorem 2.1. By Lemma 3.4 there is an absolute con-
stant C such that the components of any pair
(P1, P2) ∈ E1(Q¯)
tors × E2(Q¯)
tors
with x(P1) = x(P2) are torsion points of order at most C. Let us fix
some ε > 0. We assume that z is large enough and fixed so that
(3.1) L = z1/6−ε > C.
Consider the curve
E1 : Y = X(X − 1)(X − t1).
With notation as in Section 3.3, let ψn be the division polynomials for
the curve E1 and define
fn =
{
ψn, if n odd;
ψn/2Y, if n even.
By Lemma A.1 we have fn ∈ Z[X ]. By Lemma 3.6, the vanishing of
fn(X) for n odd or of 2Y fn(X) for n even characterises the kernal [n]
of E1. Define gn ∈ Z[X ] in a similar fashion for the curve E2, so that
the vanishing of gn(X) for n odd or of 2Y gn(X) for n even characterises
the kernel [n] of E2.
From Lemma 3.7, one has
deg fn(X), deg gn(X) ≤ n
2+o(1), if n is odd,
deg(Y fn(X)), deg(Y gn(X)) ≤ n
2+o(1), if n is even,
and
h(fn), h(gn) ≤ n
2+o(1).
We can also see that
deg
L∏
l=C+1
fl(X) =
L∑
l=C+1
deg fl(X) ≤ L
3+o(1),
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deg
L∏
l=C+1
gl(X) =
L∑
l=C+1
deg gl(X) ≤ L
3+o(1).
Furthermore, by Lemma 3.1,
h
(
L∏
l=C+1
fl(X)
)
≤
L∑
l=C+1
h(fl(X)) + log 2
L∑
l=C+1
deg fl(X) ≤ L
3+o(1),
h
(
L∏
l=C+1
gl(X)
)
≤
L∑
l=C+1
h(gl(X)) + log 2
L∑
l=C+1
deg gl(X) ≤ L
3+o(1).
Let
R =
∣∣∣∣∣Res
(
L∏
l=C+1
fl(X),
L∏
l=C+1
gl(X)
)∣∣∣∣∣ .
We see from the choice of C that R 6= 0. If this were false then for
some X0 ∈ Q and ℓ, k satisfying
C + 1 ≤ ℓ, k ≤ L,
we have
fℓ(X0) = gk(X0) = 0.
By construction of fℓ, gk, there exists
(P1, P2) ∈ E1(Q¯)
tors ×E2(Q¯)
tors,
with
x(P1) = x(P2) = X0,
and P1, P2 have orders ℓ, k respectivley. Since ℓ, k ≥ C + 1, this con-
tradicts our choice of C and thus R ≥ 1.
Applying Lemma 3.3 with
A(X) =
L∏
l=C+1
fl(X) and B(X) =
L∏
l=C+1
gl(X)
gives
(3.2) logR ≤ L6+o(1).
For integer n let ω(n) count the number of distinct prime divisors of
n. Combining the classic estimate
ω(n)≪
logn
log log(n+ 2)
,
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(which follows from the trivial inequality ω(n)! ≤ n and the Stirling
formula) with (3.2), we see that the number E of exceptional primes p
satisfying
(3.3) p | Res
(
L∏
l=C+1
fl(X),
L∏
l=C+1
gl(X)
)
,
is at most
E ≪
log(R+ 1)
log log (R+ 2)
≤ L6+o(1).
Recalling (3.1), we see that there are at most
L6+o(1) ≤ z1−6ε+o(1) = o(z/ log z)
primes p ≤ z satisfying (3.3).
By construction, for all the other remaining primes p not dividing
the conductors of E1 and E2, the reduced elliptic curves E1,p and E2,p
do not have any points (P¯1, P¯2) ∈ E1,p × E1,p with x(P¯1) = x(P¯2) and
C + 1 ≤ max{ord P1, ord P2} ≤ L. Thus, for such primes, for every
pair of points (P¯1, P¯2) ∈ E1,p × E1,p with x(P¯1) = x(P¯2) and
max{ord P1, ord P2} > C,
we have
max{ord P1, ord P2} ≥ L = z
1/6−ε.
Finally, there are at most C2C2 = C4 points in E1 × E2 with compo-
nents of order at most C. Taking C0 = C
4, and taking into account
that ε is arbitrary, we conclude the proof.
3.5. Proof of Theorem 2.2. Throughout the proof, all constants de-
pend only on f1, . . . , fn. For simplicity, we suppose that the heights of
f1, . . . , fn are at most h.
We see from Lemma 3.5 that there is a constant B, which depends
only on f1, . . . , fn, such that for any x ∈ Q satisfying
fk11 (x) . . . f
kn
n (x) = f
ℓ1
1 (x) . . . f
ℓn
n (x) = 1
for some linearly independent integer vectors (k1, . . . , kn), (ℓ1, . . . , ℓn)
implies ord(f1(x), . . . , fn(x)) ≤ B.
We choose some large real number z and define
(3.4) L = ε(z)z1/(2n+2)
Without loss of generality we can assume that ε(u)u1/(2n+2) is a mono-
tonically increasing function of u and so L ≥ ε(p)p1/(2n+2) for any p ≤ z.
We also assume that z is large enough and fixed so that
L > B.
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Also for a vector k = (k1, . . . , kn) ∈ Z
n r {0} we define
(3.5) ‖k‖∞ = max
i=1,...,n
|ki|.
Suppose each fi is of the form
fi = Pi/Qi, i = 1, . . . , n,
with coprime Pi, Qi ∈ Z[X ].
Let k = (k1, . . . , kn) ∈ Z
n r {0} satisfy
(3.6) ‖k‖∞ ≤ L.
We partition the multiset of components of k as follows
{ku1, . . . , kur} = {k1, . . . , kn} ∩ Z≥0,
{kv1, . . . , kvs} = {k1, . . . , kn} ∩ Z<0,
and define
Gk(X) =
r∏
i=1
s∏
j=1
P
kui
ui (X)Q
−kvj
vj (X)
−
r∏
i=1
s∏
j=1
Q
kui
ui (X)P
−kvj
vj (X) ∈ Z[X ].
(3.7)
Using Lemmas 3.1, and [5, Equation (3.1)], we see that for k satis-
fying (3.6) we have
(3.8) degGk ≪ L and h (Gk)≪ L.
Define the set
M = {(k, l) ∈ Zn × Zn : ‖k‖∞, ‖l‖∞ ≤ L },
so that
(3.9) |M | = O
(
L2n
)
.
We recall the definition (3.5) and note that each such pair
(k, l) = (k1, . . . , kn, ℓ1, . . . , ℓn) ∈ M
with
‖k‖∞, ‖l‖∞ ≪ L
leads to two polynomials whose set of common zeros is the set of ele-
ments in x ∈ Q such that the multiplicative dependence relations
(3.10)
n∏
i=1
fkii (x) =
n∏
i=1
f ℓii (x) = 1
are satisfied.
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We recall the definition (3.7) and for each k, l ∈ M consider the
following union of zero sets ranging over M⋃
(k,l)∈M
{x ∈ Q : Gk(x) = Gl(x) = 0}.
This set is finite due to Lemma 3.5 as it differs from the union of zeros
of the system (3.10) only by a subset of the set of zeros or poles of
f1, . . . , fn. More precisely, in order to avoid counting the zeros or poles
coming from powers of the Pi, Qi, we define
G˜k = Gk/ gcd
(
Gk,
n∏
i=1
(PiQi)
O(L)
)
,
G˜l = Gl/ gcd
(
Gl,
n∏
i=1
(PiQi)
O(L)
)
,
and consider ⋃
(k,l)∈M
{x ∈ Q : G˜k(x) = G˜l(x) = 0}.
As in (3.8), we see that we trivially have
(3.11) deg G˜l, deg G˜k ≪ L
and also by Lemma 3.1
(3.12) h
(
G˜k
)
, h
(
G˜l
)
≤ h(Gk) +O (nLd)≪ L.
Applying Lemma 3.3 with A = G˜k and B = G˜l and using (3.11) and
(3.12) gives
log |Res(G˜k, G˜l)| ≪ L
2.
Arguing as in the proof of Theorem 2.1, there are at most
O
 log |Res(G˜k, G˜l)|+ 1
log
(
log |Res(G˜k, G˜l)|+ 2
)
 = O( L2
logL
)
primes p | Res(G˜k, G˜l). By (3.9) there are at most O(L
2(n+1)/ logL)
primes dividing Res(Gk, Gl) for some (k, l) ∈ M .
We also need to exclude primes p such that the polynomials
G˜kG˜l and
n∏
i=1
PiQi,
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have a common zero over Fp for some (k, l) ∈ M . Consider the resul-
tants
Rk,l =
∣∣∣∣∣Res
(
G˜kG˜l,
n∏
i=1
PiQi
)∣∣∣∣∣ .
By our construction Rk,l 6= 0 for each (k, l) ∈ M . Arguing as above,
we show
R =
∏
(k,l)∈M
Rk,l,
has a small number of prime divisors. We have
deg
n∏
i=1
PiQi and h
(
n∏
i=1
PiQi
)
≪ 1,
with implied constant depending only on n, d, h. Using (3.12), (3.11)
we derive
deg
(
G˜kG˜l
)
≪ L and h
(
G˜kG˜l
)
≪ L.
Hence by Lemma 3.3
logRk,l ≪ L,
which by (3.9) implies
logR ≤
∑
(k,l)∈M
logRk,l ≪ L
2n+1,
and hence
log(R+ 1)
log log(R+ 2)
≪
L2n+1
logL
.
This implies that there are at most O(L2n+2/ logL) primes satisfying
p | Res(G˜k, G˜l) for some (k, l) ∈ L or p | R.
By (3.4), there are at most o(z/ log z) primes p ≤ z satisfying the
above properties. By construction, for all the other remaining primes
p, there is no x ∈ Fp satisfying
(3.13) fk11 (x) . . . f
kn
n (x) ≡ f
ℓ1
1 (x) . . . f
ℓn
n (x) ≡ 1 (mod p)
for some linearly independent integer vectors (k1, . . . , kn), (ℓ1, . . . , ℓn) ∈
Zn with B + 1 ≤ ord(f1(x), . . . , fn(x)) ≤ L. In this case, we have
ord(f1(x), . . . , fn(x)) ≥ L = ε(z)z
1/(2n+2).
Finally, for such primes, there are at most C0 = dnB(2B)
n values of
x ∈ Fp satisfying a congruence (3.13) for some linearly independent
vectors (k1, . . . , kn), (ℓ1, . . . , ℓn) ∈ Z
n ∩ [−B,B]n. This implies there
are at most C0 values of x ∈ Fp satisfying ord(f1(x), . . . , fn(x)) ≤ L.
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Appendix A. Properties of division polynomials of
Legendre curves
Here we reproduce the proof of several results from [9, Chapter 4]
which together yield Lemma 3.7.
Lemma A.1. We have ψn ∈ Z[λ,X, Y ] and for an even n = 2k we
also have ψ2kY
−1 ∈ Z[λ,X, Y ].
Proof. The obviously holds for n ≤ 4. By induction, it also holds for
n = 2k + 1, k = 2, 3, . . ..
Let
ψ4 = (2Y )f where f ∈ Z[λ,X ].
Then
ψ6 = (2Y )
−1ψ3(ψ5ψ
2
2 − ψ1ψ
2
4)
= (2Y )−1(ψ5(2Y )
2 − (2Y )2f 2)
= (2Y )(ψ5 − f
2).
We can therefore suppose that ψ2k has a factor of 2Y . Since
ψ2k+2 = (2Y )
−1ψk+1(ψk+3ψ
2
k − ψk−1ψ
2
k+2),
we have 2 possible cases :
• if k is odd, then we get a factor of 2Y from ψk+1, ψk+3 and ψk−1,
which, after cancellation, leaves 2Y as a factor of ψ2k+2
• if k is even, then we get a factor of (2Y )2 from ψ2k and ψ
2
k+2,
which, after cancellation, also leaves 2Y as a factor of ψ2k+2.
This proves that ψ2k = (2Y )g where g ∈ Z[λ,X, Y ]. Hence ψn ∈
Z[λ,X, Y ]. 
Lemma A.2. We have, deg ψn ≤ n
2+o(1).
Proof. This bound is equivalent to the statement that for each ε > 0,
there exists some constant c(ε) such that for each n = 1, 2, . . . we have
(A.1) degψn ≤ c(ε)n
2+ε.
We prove (A.1) by induction. Fix some ε > 0 and choose n0 large
enough so that for
k ≥
n0 − 1
2
we have
(A.2)
(k + 2)2+ε
2ε(k + 1/2)2+ε
,
(k + 1)2+ε
2εk2+ε
< 1.
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Define c(ε) by
c(ε) = max
n≤n0
degψn
n2+ε
.
With this choice of c(ε) the inequality (A.1) trivially holds for n ≤ n0
which forms the basis of our induction. Suppose (A.1) is true for all
integers n < m for some m > n0. Consider m even or odd separatley.
If m = 2k is even, then
degψ2k ≤ max{degψk + degψk+1 + 2degψk−1,
degψk + deg ψk−2 + 2degψk+1}.
By our induction hypothesis and (A.2)
degψ2k ≤ c(ε)(2k)
2+ε (k + 1)
2+ε
2εk2+ε
< c(ε)(2k)2+ε.
If m = 2k + 1 is odd, then by our induction hypothesis and (A.2)
degψ2k+1 ≤ max{degψk+2 + 3degψk, degψk−1 + 3degψk+1}
≤ c(ε)(2k + 1)2+ε
(k + 2)2+ε
2ε(k + 1/2)2+ε
< c(ε)(2k + 1)2+ε,
which implies (A.1) and concludes the proof. 
Lemma A.3. h(ψn) ≤ n
2+o(1)
Proof. The bound clearly holds for n ≤ 4 as h(ψn) ≤ n ≤ n
2.
This bound is also equivalent to the statement that, for any ε > 0,
there exists some constant c(ε) such that for every j = 1, 2, . . ., we have
(A.3) h(ψj) ≤ c(ε)j
2+ε.
We fix some n > 4 and assume for induction that (A.3) holds for j < n.
For n = 2k + 1, from Lemmas 3.1 and 3.2 and the bound on the
degree of division polynomials given in Lemma A.2, we have
h(ψ2k+1) ≤ max{h(ψk+2) + 3h(ψk), h(ψk−1) + 3h(ψk+1)}+ c0k
2
with some constant c0. By the induction assumption, we can estimate
all heights on the right hand side by c(ε)(k + 2)2+ε and obtain
h(ψ2k+1) ≤ 4c(ε)(k + 2)
2+ε + c0k
2
= 4c(ε)k2+ε
(
(1 + 2/k)2+ε + c0k
−ε
)
.
(A.4)
By increasing the value of c(ε), we can assume that k is large enough
such that
(1 + 2/k)2+ε + c0k
−ε ≤ 4ε/2.
By substituting this in the previous inequality, we get
h(ψ2k+1) ≤ 4
1+ε/2c(ε)k2+ε = c(ε)(2k)2+ε < c(ε)(2k + 1)2+ε.
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For n = 2k, by the same reasoning, we obtain the same inequality
as in (A.4) and reach the desired inequality
h(ψ2k) ≤ c(ε)(2k)
2+ε.
Hence, h(ψn) ≤ n
2+o(1). 
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